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a b s t r a c t
This work addresses the problem of phosphorus recovery from wastewater by struvite precipitation,
which is chemically known as magnesium ammonium phosphate hexahydrate MgNH4PO4·6H2O. The
struvite solubility product values that are reported in the literature were found to vary significantly,
from one solution to another and over the range of the experimental conditions as well. The various
factors affecting the struvite solubility include pH, ionic strength and temperature. The struvite solubility
product is yet a very important parameter to determine the supersaturation ratio.
A thermodynamic model for phosphate precipitation is proposed to determine the phosphate con-
version rate and the value of struvite solubility product for a temperature range between 15 and 35 ◦C.
This model is based on numerical equilibrium prediction of the study system Mg–NH4–PO4–6H2O. The
mathematical problem is represented by a set of nonlinear equations that turns, to an ill-conditioned
system mainly due to the various orders of magnitude of the involved variables. These equations have
first been solved by an optimization strategy with a genetic algorithm to perform a preliminary search
in the solution space. The procedure helps to identify a good initialization point for the subsequent
Newton–Raphson method. A series of experiments were conducted to study the influence of pH and
temperature on struvite precipitation and to validate the proposed model.. Introduction
Wastewater discharges of nitrogen and phosphorus to the envi-
onment have produced an increase in water pollution because
hese nutrients accelerate eutrophication, producing detrimental
onsequences for aquatic life as well as for water supply for indus-
rial and domestic uses.
One proposed solution to this problem is the recovery of nutri-
nts using precipitation. Two major precipitation schemes have
een developed for phosphorus recovery from wastewater, involv-
ng either the so-called calcium phosphate (CP) or magnesium
mmonium phosphate (MAP), i.e., struvite.
The struvite forms according to the following reaction [1]:
g2+ +NH4+ +PO43− +6H2O ↔ MgNH4PO4·6H2O (1)
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doi:10.1016/j.cej.2010.12.001Struvite precipitation from wastewater effluents is seen as
an alternative to traditional biological and chemical phosphorus
removal processes that have been widely used in the wastewater
treatment industry and has gained increasing interest.
Struvite is known to cause some problems on equipment
surfaces of anaerobic digestion and post-digestion processes in
the wastewater treatment industry (especially biological nutrient
removal processes) through major downtime, loss of hydraulic
capacity, and increased pumping and maintenance costs [2].
Although struvite can be viewed as a problem in wastewater treat-
ment plants, the conditions for its formation found within the
environment of wastewater treatment works can be exploited for
extractionof struvite, as a commercial product. Struvite canbeused
as a slow release fertilizer at high application rates, without the
danger of damaging plants [3–6].
Struvite formation occurs relatively quickly because of the pres-
ence of excess supersaturation in the liquid, as a result of the
chemical reaction of magnesium with phosphate in the presence
of ammonium.
Predicting struvite precipitation potential, yield and purity is
thus of major importance for reactor design and operation for stru-
vite precipitation.
Table 1
Reported experimental values of the Ksp for struvite (25 ◦C).
pKsp Ksp Reference
13.15 7.08×10−14 Taylor et al. [14]
9.41 3.89×10−10 Borgerding [15]
−13
m
a
s
h
o
[
o
i
o
H
i
d
M
e
m
s
t
c
s
H
c
f
C
t
t
c
w
c
e
m
M
c
o
s
a
s
m
t
s
r
f
e
a
c
s
i
s
K
p12.60 2.51×10 Snoeyink and Jenkins [16]
13.12 7.59×10−14 Burns and Finlayson [17]
9.94 1.15×10−10 Abbona et al. [18]
13.27 5.37×10−14 Ohlinger et al. [11]
Supersaturation may be developed by increasing the aqueous
edium content in ammonium, magnesium or orthophosphate
nd/or pH. Although H+ concentration does not directly enter the
olubility product equation for struvite, struvite precipitation is
ighly pH dependent.
Several chemical equilibrium-based models have been devel-
ped and allow reasonable prediction of struvite precipitation
7–12]. These models are based on physicochemical equilibrium
f the various ionic, dissolved, and solid species. A struvite precip-
tation model at least requires the incorporation of concentrations
f ionic species NH4+, PO43−, and Mg2+, dissolved species NH3 and
3PO4, and solid species MgNH4PO4. However, a number of other
onic species (e.g.,HPO42−, H2PO42−,MgOH+,MgPO4−,MgH2 PO4+),
issolved species (e.g., H3PO4, MgHPO4), and solid species (e.g.,
g3(PO4)2·8H2O, Mg3(PO4)2·22H2O, Mg(OH)2, MgHPO4) exist in
quilibrium. Finally, it must be highlighted that the complexity of
odels depends on the number of soluble and solid species con-
idered.
Loewenthal et al. [7] considered struvite as the only solid phase
o precipitate from synthetically prepared solutions: ionic species
onsidered were Mg2+, NH4+, PO43−, HPO42−, H2PO42−, and dis-
olved species were NH3 and H3PO4. In addition to the above
2CO3, CH3COO−, CH3COOH, carbonate, and bicarbonate were also
onsidered. Harada et al. [8] developed a model to predict struvite
ormation in urine. The solid species involve calcium precipitates
a3(PO4)2, CaHPO4, Ca(OH)2, CaCO3 and CaMg(CO3)2 as well as
hose containing Mg, namely, struvite, Mg(OH)2, and MgCO3. As
he number of solid and soluble species considered increases, the
omplexity of the induced model also increases. This explains
hy analytical solutions are no longer viable and hence numeri-
al solution is needed. Ohlinger et al. [11] included ionic strength
ffects and considered only struvite as the solid species in their
odel (MINTEQA2). They also took into account MgH2PO4+ and
gPO4− and used an iterative technique to converge one con-
entration value to an experimentally measured value, while the
ther concentrations were computed from equilibrium expres-
ions. Wang et al. [12] included formation of Mg(OH)2 solid in
ddition to struvite and also considered MgHPO4 as a dissolved
pecies. Buchanan et al. [13] used an aquatic chemistry equilibrium
odel (MINTEQA2; EPA, 1991) to model struvite formation.
It must be yet emphasized that discrepancies still exist between
he reported values (Table 1) of the solubility product (Ksp) for
truvite.
From the analysis of the literature, it can be said that possible
easons for dispersed Ksp or pKsp values can be attributed to dif-
erent factors: values may be derived from approximate solution
quilibria; the effect of ionic strength is often neglected; mass bal-
nce and electroneutrality equations are not always used; different
hemical species are selected for the calculations.
It must be also said that pKsp uncertainty influences the conver-
ion rate of struvite, as demonstrated byMontastruc et al. [19]. This
s an important point for process design and was calculated in this
tudy.
The standard methods for the experimental determination of a
sp value of a particular reaction involve either the formation of a
recipitate or the dissolution of a previously formed salt in distilledwater. Although temperature has a lower impact on struvite pre-
cipitation than other parameters such as pH and supersaturation
[4], it can yet influence struvite solubility.
Only a few works were devoted to temperature influence on
struvite precipitation. Aage et al. [20] determined the struvite
solubility product with a radiochemical method at various tem-
peratures. Burns and Finlayson [17] used pH and concentration
measurements to investigate the influence of temperature on the
solubility product of struvite. The activity coefficients and ionic
concentrations of species were calculated by EQUIL, a Fortran
computer program used for chemical equilibrium computation.
According to these results, a steady increase in solubility is observed
with an increase in temperature.
From a practical point of view, the Ksp value depends, on the one
hand, on the experimental precision, and on the other hand on the
thermodynamicmethod used to calculate the equilibrium constant
values, at different temperatures, for all the equilibrium relations
involved during the precipitation of struvite.
It is important to highlight that the final values of Ksp presented
in the dedicated literature are dramatically impacted by the con-
ditions and assumptions associated with the thermodynamic data.
Table 1 illustrates the variation range of Ksp values proposed by
several authors. The published pKsp values at 25 ◦C range from 9.41
to 13.27.
In that context, the objective of this paper is to propose the
development of a rigorous thermodynamic model based on a
known and reliable database with a unified framework for struvite
Ksp determination that will be consistent at different temperatures
from experimental values, using a robust numerical method. This
approach will serve to identify the species that will precipitate
and the associated thermodynamical constants in a typical process
scale.
The paper is organized as follows:
First, the experiments to determine the solubility product of
struvite from a synthetic solution at various temperatures are pre-
sented. They were conducted in a stirred reactor at 15, 20, 25, 30
and 35 ◦C to determine the efficiency of struvite precipitation from
a synthetic wastewater solution. XRD analysis of the formed pre-
cipitates demonstrated the high purity of the struvite crystals for
pHvalues lower than10. Thenext step consists in the computation
of the thermodynamic solubility productKsp and of the conversion
rate of phosphate.
The second part of this paper then presents the development of
a thermochemical model, suited to struvite precipitation at var-
ious temperatures using a Davies activity coefficient modeling
approach [21]. The mathematical problem is represented by a
set of nonlinear equations. A two-step solution strategy is pro-
posed, combining a genetic algorithm for initialization purpose
followed by a standard Newton–Raphson method implemented
within MATLAB environment. This method gives a robust initial-
ization to treat this kind of problem for any initial conditions.
Let us recall that genetic algorithms were previously successfully
used in a related problem for the resolution of a thermochemical
equilibrium model involved in calcium phosphate precipitation
for initialization purpose of a Gibbs energy minimization problem
[19].
2. Materials and methodsExperiments were carried out at different temperatures 15, 20,
25, 30, 35 ◦C in a stirred reactor (1 l) at a rotational speed around
500 rpm. Stock solutions of magnesium and ammonium phos-
phate were prepared from corresponding crystalline solids, i.e.,
MgCl2·6H2O and NH4H2PO4. Deionised water was used to prepare
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Initial pH = 8.5Fig. 1. Schematic view of the experimental set-up used in this study.
he synthetic wastewater solution. The supersaturated solutions
corresponding to a final phosphorus concentration of 4mM with
Mg/NH4/PO4 molar ratio equal to 1) were prepared by rapid mix-
ng of NH4H2PO4 and pH was then adjusted by the addition of the
ppropriate amount of a standard solution of sodium hydroxide,
ollowed by the addition of the appropriate volume of stock mag-
esium chloride solution. Experiments were performed to study
he effect of initial pH and temperature on the solubility product
f struvite and conversion rate of phosphate. During this experi-
ental run, pH was not set at a fixed value: only initial pH was
ontrolled [8.5, 9, 9.5, 10 respectively], and its evolution with time
as then measured. Each experimental run was repeated 3 times.
he experimental system is shown in Fig. 1.
The formed precipitate was collected by filtration through a
.2m membrane filter and dried at ambient temperature. Resid-
al concentrations of Mg2+ (respectively PO43−) ions in solution
fter filtration were analysed by atomic absorption (AA) (respec-
ively by spectrophotometry). X-ray diffraction (XRD) was used to
etermine the composition of the produced precipitate.
. Results
Fig. 2 shows the results of X-ray diffraction analysis performed
n the formed precipitates: for the sake of illustration, only the
esults relative to 25 ◦C are presented. The presence of struvite is
ndicated by the location of the intensity peaks, corresponding to
he standard database lines for struvite.
The results show that only the peaks of struvite were found in
he pH range (8.5–10). They were further confirmed by comparison
ith solid analysis of phosphate/magnesium. Itmust be yet pointed
ut that other precipitates may occur as reported in [1,22,23] for
H values above 10.5.
During the experimental run, pH evolution with time and the
esidual concentrations of magnesium and PO4 (15, 30, and 60min
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ig. 2. XRD analysis of the formed precipitates from the synthetic solutions at dif-
erent pH values and comparison with values from struvite database (T=25 ◦C).Effluent pH (equilibrium state)
Fig. 3. Final residual concentration in the effluent vs. final pHvalues for experiments
performed at different initial pH (T=25 ◦C).
after the reaction) were measured. Results showed that both pH
and the residual concentrationofmagnesiumandPO4 donot evolve
over 30min. To guarantee that a quasi-equilibrium state is reached,
the time for each experiment runwas doubled to 1h corresponding
to classical value for residence time in a stirred reactor.
Only the final concentration for each initial condition
([PO4] = [Mg] =4M, pH range (8.5–10) are presented in Fig. 3. for
a temperature of 25 ◦C.
The concentrations of magnesium and PO4 decrease with pH
increase. For example, for an initial pH equal to 8.5 the resid-
ual concentration of phosphate (respectively magnesium) is 3.39
(respectively 3.25mmol/L), and for an initial pH equal to 10 the
residual concentration of phosphate (respectively magnesium) is
1.04 (respectively 0.94), but they exhibit a molar ratio roughly
around 1, thus confirming the exclusive formation of struvite for
each experiment
4. Thermodynamic modeling of struvite precipitation in a
synthetic wastewater at various temperatures
The objective is to propose a mathematical model for the calcu-
lation of the solubility product for the system Mg–NH4–PO4–6H2O
as a function of both temperature and pH.
Asabovementioned, theprecipitation reaction is representedby
an equilibrium constant Ksp, the so-called struvite solubility prod-
uct. The equilibrium constant can be computed from the product of
the involved reactant activities according to the following equation
(Eq. (2)).
aMg2+ · aNH4+ · aPO43− = Ksp (2)
The sources of Mg, on the one hand, and of NH4 and PO4, on
the other hand, consist respectively of MgCl2 and of NH4H2PO4
dissolution in aqueous phase. In addition, NaOH is used to
increase pH. The formed ions and complexes include NH4+, Mg2+,
MgH2PO4+, MgHPO4(aq), MgPO4−, MgOH+, H3PO4(aq), H2PO4−,
HPO42−, PO43−, OH−, Na+, Cl−, H+ and NH3(aq). Due to the low con-
centration of NH3(aq), NH3 transfer to the gas phase is negligible.
These ions lead to nine equilibrium reactions proposed in Table 2.
The values of the equilibrium constants are available in the lit-
erature and are relative to a temperature of 25 ◦C as reported in
[24].A number of chemical equilibrium-based models have been
developed and allow reasonable prediction of struvite precipita-
tion. It must be yet emphasized that the majority of the reported
works did not consider the influence of temperature on struvite
solubility product and on the equilibrium constants. The purpose
Table 2
Equilibrium constant values at 15, 20, 25, 30, 35 ◦C.
Eq. No. Equilibrium Equilibrium constant (Ki) 15 ◦C 20 ◦C 25 ◦C 30 ◦C 35 ◦C References
(8) H2PO4− +H+ ↔H3PO4 KH3PO4 =
aH3PO4
a
H2PO
−
4
·aH+
8.40×10−3 7.86×10−3 7.42×10−3 7.06×10−3 6.78×10−3 [25]
(9) HPO42− +H+ ↔H2PO4− KH2PO− =
aH2PO
−
a
HPO2−
4
·aH+
5.92×10−8 6.17×10−8 6.37×10−8 6.52×10−8 6.63×10−8 [26]
(10) PO43− +H+ ↔HPO42− KHPO42− =
a
HPO4
2−
a
PO4
3− ·aH+
3.08×10−13 3.43×10−13 3.80×10−13 4.1×10−13 4.59×10−13 [27]
(11) H2PO4− +Mg2+ ↔MgH2PO4+ KMgH2O+ =
aMgH2O
+
a
Mg2+ ·aH2PO4−
4.90×10 −2 4.53×10−2 4.15×10−2 3.78×10−2 3.42×10−2 [29]
(12) HPO42− +Mg2+ ↔MgHPO4 KMgHPO4 =
aMgHPO4
a
HPO4
2− ·aMg2+
9.83×10−4 9.02×10−4 8.21×10−4 7.42×10−4 6.68×10−4 [29]
(13) PO43− +Mg2+ ↔MgPO4− KMgPO4− =
aMgPO4
−
a
PO4
3− ·aMg2+
4.35×10−7 4.07×10−7 3.74×10−7 3.39×10−7 3.04×10−7 [29]
− 2+ + aMgOH+ −3 −3 −3 −3 −3
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T(14) OH +Mg ↔MgOH KMgOH+ = aOH− ·aMg2+ 2.98×10
(15) H+ +NH3 ↔NH4 KNH4+ =
aNH4
+
aH+ ·aNH3
7.23×10
(16) H2O↔H+ +OH− Kw = aOH− · aH+ 4.53×10
f the study reported here is to determine the influence of tem-
erature on struvite precipitation. A first step is then to compute
quilibrium constants at different temperatures using free energy.
n(Ki) = −
GR(T)
RT
(3)
In this expression, GR(T) is the free energy of reaction (Eq. (4))
nvolved in the equilibrium. The reactions involved in equilibrium
an be expressed in a generic fashion: A+B↔C. The free energy
alance on this reaction is given by Eq. (4).
GR(T) = GCf (T) − [GAf (T) + GBf (T)] (4)
here GA
f
(T) and GB
f
(T) are the free enthalpies of formation for
eactants A and B, and GC
f
(T) is the free enthalpy of formation of
he product C.
The calculation of the free enthalpy of formation (Eq. (5)) uses
he enthalpy and entropy of formation (Hf(T) and Sf(T)), thus
equiring the values corresponding to each considered element.
Gf (T) = Hf (T) − T × Sf (T) (5)
Hf (T) = Hf (Tref) +
∫ T
Tref
Cp(T) dT (6)
Sf (T) = Sf (Tref) +
∫ T
Tref
Cp(T)
T
dT (7)
here Tref is the temperature of reference of the system: 25 ◦C.
able 3 give the values of Hf and Sf at 25 ◦C and their calcula-
ion needs the calorific capacity Cp of Table 3, using the classical
hermodynamic relations (6) and (7).
The equilibrium reaction constants considered during struvite
ormation are presented in Table 2 for the respective temperatures
f 15, 30, 25, 30 and 35 ◦C. These values were calculated using
able 3 data and thermodynamic relations (Eqs. (4)–(7)).
Table3 shows the thermodynamicdatawhichare considered for
hecomputationof the involvedequilibriumconstants as a function
able 3
hermochemical data for equilibrium constant computation (T between 25 ◦C and 45 ◦C).
Hf (25 ◦ C) (kJ/mol) Sf (25 ◦ C) (kJ/mol/K)
H+ 0 −0.0209 [28]
H3PO4 −1288.34 0.158 [25]
H2PO4− −1296.3 0.1113 [26]
HPO42− −1292.14 0.0084 [27]
PO4−3 −1277.38 −0.159 [30]
OH− −230 0.01014 [28]
H2O −285.83 0.06991 [28]2.74×10 2.58×10 2.42×10 2.25×10 [29]
1.17×10−21 1.79×10−21 2.64×10−21 3.79×10−21 [17]
6.8×10−15 1.00×10−14 1.45×10−14 2.06×10−14 [28]
of temperature (KH3PO4 , Eq. (8) [25], KH2PO4− , Eq. (9) [26], KHPO42− ,
Eq. (10) [27], Kw, Eq. (16) [28]) using the Eqs. (4)–(7).
The thermodynamic data set presented in Table 3 is not yet
sufficient to represent all the chemical equilibria involved during
struvite formation. For this reason, a correlation for Eqs. (11)–(15)
was established using the equilibrium constant (Ki) values deter-
mined by Fritz [29].
The ammonium solubility product is known between 25 and
45 ◦C [17].
In Table 2, ai represents the activity of each ion and complex:
ai = i × Ci (17)
In this expression, i is relative to the activity coefficient
whereas Ci is the concentration of the corresponding ion in mol/l.
The activity coefficients are calculated from the extended form
of the Debye–Hückel equation proposed by Davies (Eq. (18)). It
was chosen due to its simplicity and accuracy at moderate ionic
strengths, i.e., inferior to 0.1M [28]. In this study, the ionic strength
was found equal to 0.0159M for initial conditions. This value was
also computed for the conditions corresponding to the end of pre-
cipitation: the ionic strength reached 0.0114M, confirming the
validity of the model choice.
− log(i) = ADHZ2i
(( √

1 + √
)
− 0.3
)
(18a)
In this equation, ADH is the Debye–Hückel constant. It takes a value
of 0.493, 0.499, and 0.509 at 5, 15, 25 and 35 ◦C respectively [31].
i is the activity coefficient,  is the ionic strength (mol), Zi is the
valency of the corresponding ions.
The ionic strength is computed as follows: = 0.5 ([Mg2+] Zi2 + [PO43−] Zi2 + [NH4+]Zi2 + [H2PO4−]Zi2
+ [HPO42−] Zi2 + [MgOH+] Zi2 + [MgOH+]Zi2 + [MgH2PO4+]Zi2
+ [Cl−]Zi2 + [Na+]Zi2 (18b)
GR (25 ◦ C) (kJ/mol) Cp (kJ/mol) =a+bT+ cT2 (T (K))
a b c
0 0
−1142.65 0 −0.00077 0
−1130.4 −0.00015
−1089.26 −0.0008912
−1018.8 −0.0011213
−157.29 0 −4.98×10−4 0
−237.18 0
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she different mass balances in the liquid phase include:
Mass balance for magnesium:
[Mg2+] + [MgH2PO4+] + [MgHPO4] + [MgPO4−] + [MgOH+] = Mgtot − PtotX
(19)
where X is the molar conversion ratio relative to struvite forma-
tion, defined as:
X = Ptot − Psol
Ptot
(20)
Mgtot, Ptot and Psol refer respectively to the total quantity of mag-
nesium and phosphorus as well as to the quantity of phosphorus
remaining in solution.
[H3PO4] + [H2PO4−] + [HPO42−] + [PO43−] + [MgH2PO4+]
+ [MgHPO4] + [MgPO42+] = Ptot(1 − X) (21)
Mass balance for ammonium:
[NH3] + [NH4+] = NH4tot+ − Ptot · X (22)
The electroneutrality requirement gives:
[H+] + [NH4+] + [MgH2PO4+] + 2[Mg2+] + [Na+] + [MgOH+]
= [OH−] + [Cl−] + 3[PO43−] + 2[HPO42−] + [H2PO4−] + [MgPO4−] (23)
he thermodynamic model takes into account 10 main reactions,
hree equations of mass balance for magnesium, ammonia and
hosphate, and finally an electroneutrality equation. The system
f equations obtained is strongly nonlinear: its resolution thus
equires a good initialization for the concentrations of the aque-
us species and for the conversion rate at equilibrium whatever
he initial concentration in the synthetic wastewater.
The model considers the temperature impact on equilibrium
onstants for all the involved equilibrium reactions. The idea here
s to determineKsp values at different temperatures. Due to the var-
ous values for Ksp reported in the literature, particularly at 25 ◦C, a
wo-step solution strategy is proposed, combining a genetic algo-
ithm for initialization purpose with a standard Newton–Raphson
ethod implemented within MATLAB environment. The results
btained by modeling are compared to the experimental ones.
. Resolution of the struvite thermodynamic model
Theobjective is to calculate the equilibriumstate from the initial
oncentrations of the ions and from the initial quantity of NaOH.
hen, it is possible to calculate the pH and the conversion rate of
truvite. In this section, the value of Ksp is assumed to be known
this is generally the case at 25 ◦C even if some discrepancies may
ppear, as already pointed out).
A strategy for anefficient computationof conversion rateof stru-
ite is proposed here. This strategy comes from a detailed study in
lectronic annex 1.
The initialization step still constitutes a difficulty: to circumvent
t, a multicriterion genetic algorithm embedded in the so-called
ULTIGEN library [32] was used: each squared equation of the
odel is considered as an objective, and each unknown is viewed
s an optimization variable.
Genetic algorithms (GAs) are usually applied for complex opti-ization problems as electric power dispatch problems [33], or
upply chains networks [34], but they could be applied to find the
orrelation constants from experimental values.
The main advantage of GAs over other methods is that a GA
tarts froma random initial population (solutions) andmanipulatesonly numerical values of optimization variables and objectives,
without using mathematical aspects like convexity, continuity or
differentiability. This property implies that it is possible to reach
the optimization solution without defining a precise or suitable
initialization. However an accurate resolution of this equation set
considered with a GA may require very huge computational times.
So the GA is only used in this work to approximate the solu-
tion. This approximation represents a robust initialization for the
Newton–Raphson method to solve the system of equations in rea-
sonable computational times.
The genetic algorithm used in the MULTIGEN library [32], which
is a variant of the well-known NSGA II [35]. This algorithm makes
it possible to reduce the value of the criterion to approximately
10−3 for a population of 100 individuals along 100 generations.
This solution initializes the Newton–Raphson solver which then
allows the final resolution of the system of equation with quadratic
residuals of about 10−15.
For each iteration involved in the optimization algorithm, each
experimental condition set implies the following steps (see Fig. 4):
- Step 1: Initialization with the values of [NH4+], [Mg2+], [PO43−],
[MgH2PO4+], [MgHPO4], [MgPO4−], [MgOH+], [H3PO4], [H2PO4−],
[HPO42−], [NH3], [Na+], and the experimental conversion rate
(XExp) obtained by use of the MultiObjective genetic algorithm.
- Step 2: Resolution of “Problem 1” using a numerical solver, with
the initialization point given by the MOGA. The computed con-
version rate “XMod” is obtained for each experimental condition;
- Convergence test (Eq. (20)).
The required data input, to solve “Problem 1” are the following
ones:
- [Mg]Total: magnesium concentration in the treated solution
(mol/l).
- [NH4]Total: NH4 concentration in the treated solution (mol/l).
- [PO4]Total: concentration of PO4 in the treated solution (mol/l).
- [NaOH]Total: initial NaOH concentration before precipitation
(mol/l).
- T: temperature of the medium (◦C).
- Ksp(T): constant equilibrium product of struvite precipitation at
temperature T.
The concentrations [Mg]Total, [NH4]Total, [PO4]Total reflect differ-
ent values for the effluent composition. Besides, different molar
ratios [Mg]:[NH4]:[PO4] can be used in the model.
Let us note that the optimization scheme begins with a very low
sodium concentration [Na+]0 (corresponding to an equal quantity
of NaOH) in order to represent the start of precipitation.
This starting point is then used to compute a new equilibrium
situation corresponding to a concentration [Na+]1 = [Na+]0 +d[Na+].
This calculation does not require any further initialization by the
genetic algorithm: a subsequent procedure was implemented to
directly compute a newequilibrium for a slightly higher concentra-
tion [Na+] than the last sodium concentration (Fig. 4). The second
point is now the initial value for the calculation of the following
point with a fixed step d[Na+] = 10−5 (loop) as an example. The
solver is used iteratively until the total sodium concentration is
reached. The curve representing the evolution of X vs. pH is then
displayed point after point to determine the final conversion rate
for a given initial soda concentration.6. Determination of Ksp at various temperatures
The previous procedure is now embedded in a second optimiza-
tion loop to determine Ksp values at different temperatures with a
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Fig. 4. Determination of the evolution of co
ybrid strategy combining experimental results and a modeling
pproach. The general framework is proposed in Fig. 5.
.1. Initialization of Ksp and ionic species concentrations
The Ksp calculation procedure (see Fig. 5) needs an initialization
f the Ksp value. In this section, the conversion rate X and the final
quilibrium pH are considered to be determined experimentally
whereas in the previous section, Ksp was assumed to be known).
The first step concerns the initialization of the model (Eqs. (2),
8)–(16) and (19)–(23)) using the already mentioned genetic algo-
ithm [32] for each experimental point. The problem is formulated
s an optimization problem with Eq. (24) used as an objective func-
ion, for each experimental run:
Min (f):=
N Exp∑
i=1
(XiMod − XiExp)
2
(XiExp)
2
(24)
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ig. 5. Computation procedure of pKsp for struvite combining experimental results
nd a modeling approach.ion rate X vs. pH for struvite precipitation.
withN Expbeing thenumber of experimental runs,XiMod is the con-
version rate computedbyuse of themodel,XiExp is the experimental
conversion rate.
A classical SQP (Successive Quadratic Programming) procedure
of the MATLAB library was selected (fminimax function). Using the
final pH and the conversion rate X as input data, the 13 unknowns
of this problem are:
- Concentrations of the ions at equilibrium: [NH4+], [Mg2+],
[PO43−], [MgH2PO4+], [MgHPO4], [MgPO4−], [MgOH+], [H3PO4],
[H2PO4−], [HPO42−], [NH3];
- Ksp and [Na+].
The genetic algorithm is used for each experimental point to
approximate the solution of the model. This approximate solution
serves to initialize and to solve more rigorously the thermochem-
ical model with the Newton–Raphson method implemented in
MATLAB environment (fsolve function).
As an example, initialization values for experimental runs per-
formed at 25 ◦C are available in Table 4 for the following conditions:
[NH4+]Initial = [Mg2+]Initial = [PO43−]Initial = 4mmol/l.
It can be pointed out that different values for Ksp are observed
due to experimental uncertainties. A mean value of Ksp is then used
to initialize the optimization loop of Ksp determination procedure
(i.e., 13.11 at 25 ◦C).
These initialization values, and more particularly, the ionic
species concentrations are used in the second step of the Ksp deter-
mination procedure.
6.2. Rigorous model resolution for Ksp determination
The second step is based on a model resolution embedded into
an outer optimization procedure where Ksp is the variable of opti-
mization, and the criterion of optimization is Eq. (23). This criterion
quantifies the difference between the experimental values and
the model, and its minimization makes it possible to identify the
value of Ksp for which the model is closest to reality. In practice,
the conversion rate obtained from model resolution is compared
Table 4
Example of initialization values set for step 1 of Ksp determination procedure.
Run 1 Run 2 Run 3 Run 4
pH (equilibrium) 7.77 7.91 8.37 9.25
X (conversion rate) 0.162636935 0.36544559 0.57075215 0.73343935
Concentration (mol/l) x1 (fsolve) x2 (fsolve) x3 (fsolve) x4 (fsolve)
[Mg2+] 1.874×10−3 1.498×10−3 1.052×10−3 5.722×10−4
[PO43−] 7.289×10−8 8.172×10−8 1.737×10−7 7.203×10−7
[NH4+] 3.349×10−3 2.538×10−3 1.717×10−3 1.066×10−3
[H2PO4−] 2.936×10−4 1.798×10−4 4.829×10−5 3.691×10−6
[HPO42−] 1.580×10−3 1.318×10−3 1.004×10−3 5.710×10−4
[MgOH+] 3.359×10−7 3.740×10−7 7.661×10−7 3.203×10−6
[H3PO4] 5.975×10−10 2.662×10−10 2.492×10−11 2.527×10−13
[NH3] 3.538×10−16 3.700×10−16 7.215×10−16 3.398×10−15
[MgPO4−] 8.612×10−5 8.144×10−5 1.299×10−4 3.170×10−4
[MgHPO4] 1.381×10−3 9.544×10−4 5.334×10−4 1.738×10−4
[MgH2PO4+] 8.184×10−6 4.080×10−6 7.866×10−7 3.358×10−8
+ −3 5.361 −3 −3 −3
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for each temperature uses the mean pKsp calculated for 30 exper-
iments obtained for pH range between 6.8 and 7.5. The standard
deviation is based on pKsp values.
12.8
13
13.2
13.4
13.6
13.8
14
14.2
p
ks
p
This work
Bhuiyan et al.(2007)
Burns and Finlayson. (1982)
Aage et al.( 1997)
Babic-Ivanbic et al. (2002)[Na ] 4.436×10
Ksp 8.475×10−14
pKsp 13.07
pKsp (mean value) 13.11
o the experimental conversion rate for a given pH value at
quilibrium.
The initialization values, obtained in step 1, are now used to
olve the set of equations more rigorously with a Newton–Raphson
ethod (fsolve function in MATLAB).
For a given temperature, the following data are needed for each
xperimental run:
Several couples of conversion rate (X) and pH at equilibrium.
Initial concentrations of [NH4+], [Mg2+] and [PO43−].
The model (Eqs. (2), (8)–(16) and (19)–(23)) allows reflecting
he equilibrium state using the final pH for each experiment and a
nownvalue ofKsp as input data. The13unknownsof this systemof
quations are the sameas in Section4. This problemwill be referred
s “Problem 2”.
Considering now the set of unknowns, the initialization val-
es required by the Newton–Raphson method and relative to each
xperiment involve the ionic concentrations obtained during step
(see for instance, the values presented in Table 4 for a temper-
ture of 25 ◦C), the experimental value of conversion rate (X) and
he initial soda concentration [Na+].
The model resolution provides a conversion rate value corre-
ponding to each computed Ksp evaluated by the optimization
rocedure. The SQP optimizer minimizes (Eq. (23)) the global
quared difference between the conversion rate calculated by the
odel and the experimental value.
For the experimental example proposed in Section 6.1 (see
able 4), the final value of pKsp after the optimization procedure
s 13.17 at 25 ◦C.
. Model validation with pKsp values at various
emperatures
In this section, the effect of temperature on struvite solubility
roduct and on conversion rate of phosphate between the range of
5 and 35 ◦C is investigated using the already presented strategy.
As explained in Section 5, the experimental values of conversion
ate (see Table 5)were used to calculate the average pKsp of struvite
or each temperature. Themeasurement of the bar error on struvite
Ksp was calculated by the error propagation method by Goodman
36]. The calculation details are presented in the electronic annex
.
The computed pKsp values and the error bars are presented in
able 5.×10 6.367×10 7.269×10
×10−14 6.684×10−14 1.026×10−13
13.17 12.98
Fig. 6 shows a comparison between the values determined in
this work and those reported in the dedicated literature. The pKsp
value of struvite decreases with temperature until around 30 ◦C,
and then increases. This result is in agreement with Bhuiyan et al.
[37]: in this study, activity coefficients were calculated using the
Guntelburg approximation of the Debye–Hückel model. The equi-
librium constants used by Bhuiyan et al. [37] for the calculation are
available at 25 ◦C. These values were used for pKsp calculation for
temperatures from 10 to 60 ◦C.
The pKsp decreased from 13.27 to 12.52 between 15 and 40 ◦C
in Aage et al.’s [20] study. Aage et al. used a simplified model
involvingonly4equilibria (NH4+, PO43−,HPO42−,H2PO4−) added to
the struvite formation equilibrium. They also considered a simpli-
fied Debye–Hückel formulation for activity coefficient calculation.
Equilibrium constants used in these calculations were available at
25 ◦C.
Burns and Finlayson [17] obtained a similar trend, but in their
study the decrease in pKsp reached 13.12 at 25 ◦C (respectively
12.97 at 35 ◦C). Burns and Finlayson [17] used a computer method
to calculate the solution equilibrium. Activity coefficients were cal-
culated according to the Davies modification of the Debye–Hückel
limiting law. Equilibrium constants used in these calculations were
available only for 38 ◦C. These valueswere used for pKsp calculation
for 4 temperatures (25, 35, 38, 45 ◦C). The calculation of solubility12.4
12.6
5 10 15 20 25 30 35 40 45
Temperature(°C)
Fig. 6. Comparison of the literature result for Ksp vs. this work.
Table 5
Comparison between Ksp values: this work vs. literature references.
Temperature (◦C) pKsp
This work Bhuiyan et al. [37] Babic-Ivanbic et al. [38] Aage et al. [20] Burns and Finlayson [17]
15 13.29 (±0.02) 14.04 (±0.03) 13.27
20 13.22 (±0.02) 13.69 (±0.02)
25 13.17 (±0.01) 13.36 (±0.07) 13.36 12.93 13.12 (±0.05)
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[30 13.00 (±0.04) 13.16 (±0.05)
35 13.08 (±0.06) 13.20 (±0.03)
37
40
Similar results were obtained in this study: pKsp varies between
3.17 (±0.01) at 25 ◦C and 13.08 (±0.06) at 35 ◦C as it can be shown
n Table 4. Fig. 6 shows a minimum value of pKsp at 30 ◦C for this
ork: Bhuiyan et al. [37] and Bavic-Ivancic et al. [38] also con-
rm this minimum value, contrary to Aage et al. [20] and Burns
nd Finlayson[17]. It should be pointed out that the gap between
ur work and Bhuiyan et al. [37] increases when temperature
ecreases. The reason of this deviation is not easy to explain but
t can be argued that Van’t Hoff equation used for pKsp calculation
an be the source of these differences. Van’t Hoff equation consid-
rs that there is no impact of entropy variation produced by the
quilibrium, contrary to our work (see Eq. (3)).
. Conclusions
This research investigated the potential of struvite precipitation
s a method to recover phosphorus from wastewater. It is nec-
ssary to obtain a robust model making it possible to represent
thermodynamic equilibrium for different temperatures, initial
oncentrations and pH.
The model is based on identified equilibrium reactions and
he literature provides equilibrium constants at 25 ◦C. A first step
onsisted in determining a temperature basedmodel for each equi-
ibrium constant, using the free energy equation of the equilibrium
eactions, and their relationships to the equilibrium constants. The
dditional equations are the conversion rate of phosphate and the
lectroneutrality of the solution.
Asecondstepconsists indetermining thevalueof the thermody-
amic product of struvite precipitation in function of temperature
tarting from experimental data. A calculation algorithm of the
quilibrium constant was developed. For each calculation, it is
ecessary to provide the initial concentrations of the solution,
emperature and the values of conversion rate and final pH.
his algorithm is based on a hybrid resolution procedure, cou-
ling a multiobjective genetic algorithm and a numerical solver
Raphson–Newton) to guarantee the computation robustness.
An algorithm for struvite precipitation prediction is developed
o determine the conversion rate and final pH, by providing the
omposition, temperature and quantity of soda initially added. The
inimumconversion rate of phosphatewas found at 30 ◦C. Struvite
Ksp for a temperature range between 15 and 35 ◦C takes values
rom13.29 (±0.02) to 13.08 (±0.06)with aminimumvalue of 13.00
±0.04) at 30 ◦C.
Finally, this work presented a thermochemical model frame-
ork as well as the algorithmic solutions to determine Ksp by
ombining an experimental approach and to predict the final
tate of a solution during the precipitation of struvite. The model
eveloped in this studywill benowused forvalidationanddetermi-
ation of process operating conditions for phosphate precipitation
n a stirred reactor. The major interest of this model is to evalu-
te both quantitatively and qualitatively the precipitated struvite.
he conversion and pH values found in industrial practice can be
redicted.
[12.80
12.97 (±0.03)
7
12.52
Appendix A. Supplementary data
Supplementary data associated with this article can be found, in
the online version, at doi:10.1016/j.cej.2010.12.001.
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